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Rapidly growing demands for fast information processing have launched a race for creating compact and highly effi-
cient optical devices that can reliably transmit signals without losses. Recently discovered topological phases of light
provide a novel ground for photonic devices robust against scattering losses and disorder. Combining these topological
photonic structures with nonlinear effects will unlock advanced functionalities such as nonreciprocity and active tun-
ability. Here we introduce the emerging field of nonlinear topological photonics and highlight recent developments in
bridging the physics of topological phases with nonlinear optics. This includes a design of novel photonic platforms
which combine topological phases of light with appreciable nonlinear response, self-interaction effects leading to edge
solitons in topological photonic lattices, nonlinear topological circuits, active photonic structures exhibiting lasing from
topologically-protected modes, and harmonic generation from edge states in topological arrays and metasurfaces. We
also chart future research directions discussing device applications such as mode stabilization in lasers, parametric
amplifiers protected against feedback, and ultrafast optical switches employing topological waveguides.
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I. INTRODUCTION
Topological insulators are a special, recently discovered
class of solids which are insulating in a bulk but conducting at
their surfaces due to the existence of scattering-resistant topo-
logical edge states. In recent years, it was revealed that the
concepts of topological phases are not restricted by fermionic
states and solid state systems, but they can also be realized
in electromagnetic structures such as photonic crystals and
metamaterials1–3. The rapidly growing interest in the study
of topological effects in photonics is motivated by a grand vi-
sion of waveguiding and routing light within optical circuits
in a manner that is robust against scattering by disorder, due
to the inherent features of topological edge states.
The initial study of photonic topological effects was largely
inspired by direct analogies with similar effects discovered for
solids. Topological effects in condensed matter systems arise
from the presence of topologically nontrivial energy bands
of the electron wavefunctions. Electromagnetic waves in pe-
riodic media also form band structures, which can likewise
contain topologically nontrivial bands. However, there are a
number of important distinctions between photonic systems
and their condensed matter counterparts, such as the bosonic
nature of photons and the presence of absorption and radi-
ation losses that make photonic systems intrinsically non-
Hermitian4. Thus, the concepts of topology have become a
significant guiding scheme in the search for both novel de-
signs of photonic devices as well as novel physical effects
and their applications. Topological edge states have now been
predicted and realized in a wide variety of photonic systems,
which include gyromagnetic photonic crystals, arrays of cou-
pled optical resonators, metamaterials, helical waveguide ar-
rays, and microcavity polaritons1–3.
The nonlinear regime is natural to consider at higher op-
tical powers, and therefore the fundamental question arises:
What effects do nonlinearities have on topological phases and
edge states, and vice versa? In particular, the concept of band
ar
X
iv
:1
91
2.
01
78
4v
1 
 [p
hy
sic
s.o
pti
cs
]  
4 D
ec
 20
19
Nonlinear topological photonics 2
FIG. 1. Basic platforms, selected physical effects, and potential device applications of nonlinear topological photonics.
topology is inherently tied to linear systems—specifically, the
existence of a bandgap structure—and the generalization to
nonlinear systems is not straightforward. Nonlinear response
in photonics and related fields such as Bose-Einstein con-
densates is expected to open a door towards advanced func-
tionalities of topological photonic structures, including active
tunability, genuine nonreciprocity, frequency conversion, and
entangled photon generation5–13 (see Fig. 1). In addition,
nonlinearities may provide a simple way to reconfigure and
control topological waveguides14,15; in particular, they are re-
quired for ultrafast optical modulation16,17. Such studies are
still in their initial stage, and will uncover many surprises.
Here, we review the recent advances in the emerging field
of nonlinear topological photonics, focusing on the intersec-
tion between the studies of topological phases and nonlinear
optics. We also describe the broader context of nonlinear ef-
fects in other engineered topological systems, including elec-
tronic and mechanical metamaterials. We omit discussions
of Maxwell surface waves18,19 and the active research topic
of using topological electronic materials for nonlinear optics
applications20–22. Our primary focus here is on artificial topo-
logical meta-structures that can be created using mature fab-
rication techniques and available platforms (silicon, lithogra-
phy, etc), which are most feasible for near-term device appli-
cations.
This review paper is organized as follows. Section II begins
with a brief introduction into the field of topological photon-
ics; for detailed reviews we suggest more comprehensive arti-
cles1–3. Section III describes representative topological pho-
tonic systems that can be employed for the study of nonlinear
effects. In Sec. IV, we discuss how to introduce nonlinear ef-
fects to topological photonic media. Section V reviews recent
theoretical and experimental results on nonlinear localization
in topological systems. Section VI discusses electronic cir-
cuit implementations of nonlinear topological systems. Non-
linear saturable gain leading to topological lasers is the sub-
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ject of Sec. VII. We then discuss nonlinear nanophotonics in
Sec. VIII. Finally, Sec. IX concludes with a discussion of fu-
ture prospects and open problems.
II. BACKGROUND
Materials supporting topologically protected edge states
were first discovered in condensed matter physics23. Such
states commonly occur in special types of solids under an
applied magnetic field (the so-called quantum Hall phase24)
or due to the spin-orbit interaction (the quantum spin-Hall
phase25). An example of two-dimensional (2D) topologi-
cal insulators with spin-orbit interaction are hetero-structures
with quantum wells26,27, whose spectrum of edge states was
calculated back in the 1980s28,29. Topological phases also
appear in three-dimensional (3D) materials with strong spin-
orbit coupling30.
Topology is a field of mathematics concerned with the sub-
tle global properties of objects. Topological properties are
identified on the basis of continuous deformations: if some
property is unaffected by such deformations, it is classified as
topological and can be assigned a topological invariant. A
topological phase transition is accompanied by a step-wise
(quantized) change of this invariant.
For example, a closed 2D surface of a finite 3D object can
be characterized by the genus g, which counts the number of
holes in the object. Thus, a sphere has a genus of g= 0, and a
torus has a genus of g= 1; these two objects can not transform
continuously into each other. Topology can be formally linked
to geometry, which describes local specifics, via the Gauss-
Bonnet theorem stating that the genus can be calculated by
integrating the Gaussian curvature over the entire surface.
Under certain conditions, topological invariants can be as-
signed to the band structures of periodic crystalline materi-
als. When two materials are topologically distinct, peculiar
boundary states can arise at the physical interface between
those media. This relationship between bulk topology and the
existence of boundary states is called the bulk-boundary cor-
respondence.
Topological phases can be classified according to their di-
mensionality31, as shown in Fig. 2. Topological boundary
states can occur at the ends of one-dimensional (1D) systems,
the edges of a two-dimensional (2D) systems, or the surfaces
of a three-dimensional (3D) systems, as shown schematically
in Fig. 2 (upper row). Generally, an N dimensional topologi-
cal insulator has N dimensional gaped bulk states and (N−1)
dimensional boundary states. For example, the boundaries of
1D systems are end points, and a 1D topological insulator has
two end states whose energies are pinned to the middle of the
band gap.
The 2D case is particularly notable, as there is an assort-
ment of 2D topological phases with strikingly different prop-
erties and physical requirements. The simplest of these is
the quantum Hall (QH) phase formed by a 2D electron gas
in a static magnetic field. This topological phase requires
time-reversal (TR) symmetry to be broken, and its topologi-
cal boundary states are called chiral edge states and propagate
Higher-order topological states
hinge statescorner states
surface states
3D1D
edge states
2D
0D localized
1D propagating
2D conducting surfaces
(N-1)D topological states
FIG. 2. Topological classes of matter in different dimensions. Con-
ventional topological insulators are insulating in a bulk but conduct-
ing via gapless states at their edges or surfaces. Higher-order topo-
logical insulators have topological states at corners or hinges.
unidirectionally along the boundary, immune to backscatter-
ing from disorder. Another 2D topological phase, the quantum
spin Hall (QSH) phase, preserves TR symmetry but requires
the existence of a spin degree of freedom with spin-orbit inter-
actions. It supports pairs of counter-propagating edge modes
with opposite spins, called helical edge states, which are pro-
tected from backscattering into each other. The analogue of
QSH phase can be reproduced in topological crystalline in-
sulators (TCI) respecting TR symmetry and a certain point-
group symmetry of the lattice32. The interface between dis-
tinct inversion-breaking topological insulators in the valley-
Hall (VH) phase also hosts valley-polarized edge states33,34.
Recently, new classes of so-called higher-order topologi-
cal insulators in dimensions N > 1 have been discovered39.
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edge state
Unidirectional
edge states
Spin-polarized
  Broken TR symmetry          Preserved TR symmetry
Topological order for photons   
Bulk modes Bulk modes
Magneto-optics (QHE)
Temporal modulation 
Field duality (QSHE)
Spatial symmetry (VHE)
Spatial modulation 
FIG. 3. Schematic of the energy spectra for two distinct types of
topologically nontrivial photonic systems. The structures are de-
signed to emulate the quantum Hall effect (QHE) and quantum spin-
and valley-Hall effects (QSHE and VHE).
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Bianisotropic metacrystals
Array of ring waveguides
Topological lasing cavities
Magnetooptical structure
Helical  waveguides
Topological photonic structures
Perforated slabs
Gyromagnetic crystal
FIG. 4. The TR-broken and TR-preserved approaches are illustrated by the images of photonic structures fabricated for specific applications
in microwaves and optics (images adapted from Refs.7,12,15,35–38).
Higher-order topological insulators have (N−1)–dimensional
boundaries that, unlike those of conventional topological in-
sulators, do not exhibit gapless states but instead constitute
topological insulators themselves. An n-th order insulator has
gapless states on an (N− n)-dimensional subsystem. For in-
stance, in three dimensions, a second-order topological insu-
lator has gapless states on the 1D hinges between distinct sur-
faces, and a third-order topological insulator has gapless states
on its 0D corners, as shown in Fig. 2 (lower row). Similarly,
a second-order topological insulator in 2D also has mid-gap
corner states.
There are numerous approaches to engineering photonic
topological structures1,3,40–43, which can be subdivided into
TR-broken systems, which require an external magnetic bias,
and TR-preserved routes, which do not. One may sepa-
rately distinguish a group of Floquet TIs that involve tempo-
ral or spatial modulation. Some notable implementations of
2D topological photonics are illustrated in Fig. 3, following
Ref. 41. In many cases, the structures are designed to emulate
topological materials studied in condensed matter physics44.
Photonic analogues of QH systems can be realized via gy-
roelectric or gyromagnetic photonic crystals, where the gy-
rotropy effect breaks TR symmetry. The first demonstration of
backscattering-immune photonic topological edge states with
the use of a gyrotropic microwave photonic crystal was per-
formed by Wang et al. in 200945 following a theoretical pro-
posal by Raghu and Haldane35,46,47. However, approaches
with preserved TR are preferential in optics due to the dif-
ficulty of integrating magnetic materials with optical circu-
ity, and the fact that magnetic responses are weak at opti-
cal frequencies. TR unbroken photonic topological systems
have been designed using waveguide arrays36, coupled res-
onators48, quasicrystals49,50 and metacrystals51.
Rechtsman et al. implemented a waveguide array that acts
as a Floquet photonic topological insulator in the optical fre-
quency domain36. The waveguides are twisted so that inter-
waveguide tunneling is accompanied by phase accumulation,
similar to a gauge field; hence, the propagation of light in the
array is similar to the time evolution of 2D electrons in a mag-
netic field. Notably, the waveguide array itself preserves TR
symmetry; the sign of the effective magnetic field depends on
the direction of propagation along the waveguide array axis.
Another breakthrough work52 demonstrated edge states in
the near-infrared (1.55 µm) regime in a lattice of coupled
optical ring resonators. Here, each ring supports degenerate
clockwise and counterclockwise modes, and a gauge field is
implemented by auxiliary coupling rings with different optical
path lengths. The overall structure obeys TR symmetry, with
the sign of the effective magnetic field depending on whether
the clockwise or counterclockwise mode is considered48,52.
Photonic QSH systems have been implemented based on
lattice engineering32, field duality51, and other approaches. It
turns out that because classical waves are not fermions, the
standard electromagnetic TR symmetry is insufficient to gen-
erate a QSH phase; it is however possible to use other sym-
metries that play the role of TR, based on the constitutive
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relations53 or lattice symmetries32. For example, photonic
QSH systems can be implemented in bianisotropic photonic
crystals, with the magnetoelectric coupling serving in the role
of spin-orbit interaction53–55. Symmetry-protected topolog-
ical states can also be realized using metacrystals37,51 con-
taining overlapping electric and magnetic dipolar resonances
specially designed to satisfy electromagnetic duality.
Motivated by optical on-chip applications, there has been a
concerted effort towards realizing topological photonics at the
nanoscale. Presently, most experimental demonstrations have
been based on VH and QSH (in particular, TCI) implemen-
tations in nonmagnetic photonic crystal slabs or nanoparticle
arrays made of high-index dielectrics15,32,56–61. Strong opti-
cal resonances and low Ohmic losses make this all-dielectric
platform62 the most feasible for practical implementation of
topological order for light at subwavelength scales.
We emphasize a common feature of the structures listed
above. They utilize “synthetic” fields induced by special struc-
tural features, which act like effective magnetic fields or spin-
orbit interactions. Imperfections in real samples can therefore
cause the topological properties to break down, so photonic
topological edge states are only protected from scattering on
defects of certain types, and are overall less robust than topo-
logical edge states in condensed matter systems.
Merging topological photonics with nonlinear optics pro-
vides many novel opportunities for scientific and technolog-
ical exploration. Nonlinearity can enable on-demand tuning
of topological properties via the intensity of light, and nonlin-
earity can break optical reciprocity to realize full topological
protection.
III. TOPOLOGICAL LATTICE MODELS
The key features of topological bands, including their in-
terface states, can be understood by studying simple discrete
lattice models. This Section introduces the basic lattice de-
signs known to exhibit topological transitions in the linear
regime. They can be formulated in terms of abstract tight
binding models for 1D and 2D arrays, illustrated in Fig. 5.
Wave propagation dynamics in a discrete lattice can be de-
scribed by an effective Hamiltonian Hˆ that includes couplings
between different lattice sites. Performing a Fourier transfor-
mation, Hˆ is block diagonalized to a Bloch Hamiltonian Hˆ(k),
which is a function of the wave vector k. Assuming m modes
per unit cell, Hˆ(k) is a m×m Hermitian matrix, which re-
sults in an m band lattice model. Each eigenvalue En(k) of
Hˆ(k) gives the dispersion relation of a band in the lattice’s
band structure. The corresponding eigenvector un(k) defines
a Bloch wave ψn = un(k)eikr. The topological properties of
these Bloch waves can be related to physical observables.
One fundamental property of the Bloch waves is their Berry
phase63, which can be calculated as a line integral along a
closed path in k space as γn =
∮
An · dk, where An(k) =
〈un|i∇k|un〉 is the Berry connection. Roughly speaking, the
Berry connection provides a measure of how the shape of the
Bloch function changes along the given path. Using Stokes’
theorem, the Berry phase can be alternatively computed as an
(b)
(d)
(c)
(a)
t1 t2
κ2κ1
K+
K-
σ+
σ-
staggered graphene
Haldane modelSu-Schrieffer-Heeger
chain
Kekulé lattice
FIG. 5. Schematics of topological lattices: (a) SSH array of dimers
(1D chiral chain), (b) Haldane model on a honeycomb lattice (QHE),
(c) staggered graphene (QVHE), and (d) hexagonal Kekule lattice of
expanded/shrunken hexamers (QSHE).
integral over the area enclosed by the path: γn =
∫∫
Fnd2k,
where Fn = ∇k×An is the Berry curvature.
The Berry connection and curvature are strongly reminis-
cent of the vector potential and magnetic field in the the-
ory of electromagnetism. For example, the Berry connec-
tion is gauge-dependent: transforming the Bloch functions as
un(k)→ un(k)eiϕ(k) modifies the Berry connection as An→
An−∇kϕ(k). On the other hand, the Berry phase and Berry
curvature are gauge-invariant quantities that can be related to
physical observables. Integrating the Berry curvature over
a 2D Brillouin zone yields the quantized Chern number Cn,
which characterizes QH topological phases. The Chern num-
ber counts the winding (the number of complete turns) of the
phase evolution of the eigenvector upon encircling the entire
Brillouin zone.
In all one-band models, the Bloch functions are trivial (be-
cause they are independent of k), so the simplest models
of topological phases involve two bands. The most general
two band Bloch Hermitian Hamiltonian can be written as
Hˆ(k) = h(k) · σˆ and has eigenvalues E±(k) =±|h(k)|, where
σˆ = (σˆx, σˆy, σˆz) is a vector of the three Pauli matrices. For
many topological lattice models in the continuum limit, Dirac-
like equations describing quasirelativistic dynamics can be re-
covered in the vicinity of the bandgap. In 2D, the continuum
limit Hamiltonian has the form
HˆD(δk) = vD(δkxσˆx+δkyσˆy)+mσˆz , (1)
where vD is a velocity parameter and m is an effective mass.
When m= 0 Eq. (1) describes a conical intersection with lin-
ear dispersion relation E± = ±v|k| resembling that of mass-
less fermions64. It can be generalized to a larger number of
intersecting bands. For example, three intersecting levels are
described by the effective continuum Hamiltonian
HˆM(δk) = vD(δkxSˆx+δkySˆy) , (2)
expressed through spin-1 matrices; its three eigenvalues are
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TABLE I. Continuum Hamiltonians of common 2D topological models employed in photonics. Here, the Pauli matrices σˆ , τˆ , sˆ act on the
sublattice, valley and spin degrees of freedom, respectively. mT, mI are the mass terms induced by TR and P symmetry reductions; mSO is
responsible for the effective spin-orbit interaction.
Model Hamiltonian Topological invariant
Haldane Hˆ = vD
(
σˆxτˆzδkx+ σˆyτˆ0δky
)
+ σˆz (τˆzmT− τˆ0mI) Chern number C = 12 (sgn(mI−mT)− sgn(mI +mT))
Kane-Mele Hˆ=vDsˆ0
(
σˆxτˆzδkx+ σˆyτˆ0δky
)
+ σˆzτˆzsˆzmSO spin Chern number Cspin = sgn(mSO)
Bernevig-Hughes-Zhang Hˆ = vD
(
σˆxsˆxδkx+ σˆysˆ0δky
)
+ σˆzsˆ0(m+βδk2) spin Chern number Cspin = 12 (sgnm− sgnβ )
staggered graphene Hˆ = vD
(
σˆxτˆzδkx+ σˆyτˆ0δky
)− σˆzτˆ0mI valley Chen number Cvalley =± 12 sgn(mI)
E0 = 0, E±=±vD|k|, corresponding to a zero energy flat band
and two linearly dispersing modes.
The simplest lattice that exhibits topological modes is Su-
Schrieffer-Heeger model, which describes a 1D dimer chain
with alternating weak and strong nearest-neighbor couplings
κ1,2. In second quantized notation, the Hamiltonian is
HˆSSH =−
N
∑
j=1
(
κ1aˆ†j bˆ j+κ2aˆ
†
j+1bˆ j+h.c.
)
, (3)
where aˆ j, bˆ j (aˆ
†
j , bˆ
†
j ) denote creation (annihilation) operators
at A or B sublattices of the jth unit cell. The two bands E±
are separated by a gap when when κ1 6= κ2. In a finite lattice
whose terminations break the stronger coupling, there exist
edge states in the middle of the band gap. These states are lo-
calized in one sublattice and decay exponentially away from
the lattice edge, at a rate determined by the size of the gap.
These states are protected in the sense that their frequency is
pinned to zero and they cannot be destroyed by any perturba-
tion that respects the chiral symmetry σˆzHˆSSHσˆz =−HˆSSH, as
long as the two bands remain separated by a gap. The topo-
logical invariant associated with this protection is a 1D Berry
phase called the Zak phase65, which takes the quantized val-
ues pi (in the nontrivial case, κ2 > κ1) or 0 (in the trivial case,
κ2 < κ1).
The prototypical example of a 2D topological lattice
model is the honeycomb lattice, which can be used to
implement optical analogues of graphene (i.e., photonic
graphene)36,46,47,66,67. This lattice has a hexagonal Brillouin
zone, whose inequivalent corners (called the K± points) host
conical intersection degeneracies protected by TR and parity P
(spatial inversion) symmetries. Breaking either symmetry lifts
the degeneracies and opens a band gap. Breaking P creates a
trivial gap, because the Berry curvatures at the K± points have
opposite signs, yielding a vanishing Chern number. Breaking
TR symmetry generates a nontrivial topological phase, as the
Berry curvature having the same sign at the K± points.
A QH phase can be induced in a honeycomb lattice by
breaking TR symmetry. In the Haldane model68, this is ac-
complished by complex-valued next-nearest-neighbor (NNN)
couplings. To ensure that the Brillouin zone is unaltered by
the TR symmetry breaking, the couplings are staggered so
that there is no net magnetic flux per unit cell: encircling one
lattice plaquette clockwise (counterclockwise) gives a phase
factor of eiφ (e−iφ ). The lattice Hamiltonian is
HˆHaldane = mI∑
〈i〉
(
aˆ†i ai− bˆ†i bi
)
− t1 ∑
〈i, j〉
(
aˆ†i bˆ j+ bˆ
†
j aˆi
)
− t2
[
eiφ ∑
〈〈i, j〉〉
aˆ†i aˆ j+ e
−iφ ∑
〈〈i, j〉〉
bˆ†i bˆ j+h.c.
]
, (4)
where 〈i, j〉 and 〈〈i, j〉〉 denote summations over the first and
second nearest neighbors sites, respectively, t1 and t2 are the
hopping amplitudes, and mI is a parameter that breaks inver-
sion symmetry via a sublattice detuning. Near the K± points,
the effective continuum Hamiltonian is
HˆK±= 3t2 cosφ + vD (±δkxσˆx+δkyσˆy)
+
(
mI±3
√
3t2 sinφ
)
σˆz , (5)
where vD =
√
3t1/2. Thus, the effective mass due to TR
breaking has opposite signs at the two valleys, whereas the
effective mass due to P breaking has the same sign at both
valleys. The band structure of Eq. (4) can be characterized by
the Chern number, which is non-zero when the gap is dom-
inated by the TR breaking terms; in this regime, chiral edge
modes are guaranteed to exist along the boundary of the finite
lattice. Systems similar to the Haldane model are known as
Chern insulators.
In 2004, Kane and Mele discovered a new topological
phase, the QSH insulator69. The Kane-Mele model is derived
by incorporating spin and spin-orbit interactions into the hon-
eycomb lattice model; in its simplest form, it is essentially two
copies of the Haldane model, with opposite effective magnetic
fields for each spin. Although the net Chern number is zero
due to TR symmetry, one can formulate a spin Chern number
Cspin =
(
C↓−C↑
)
/2 which is nonzero in the QSH phase.
A honeycomb lattice with preserved TR symmetry but bro-
ken P (space-inversion) symmetry is a VH insulator. The do-
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main walls separating VH lattices that have opposite P break-
ing host chiral edge states34. For small P breaking, the Berry
curvatures are strongly localized at the valleys, and the local
integrals around K± valleys take non-zero quantized values
of ±pi for each band, which yields in a valley Chern number
Cvalley = ±1/2. Flipping the sign of the P breaking also flips
the sign of the Berry curvature in each valley. Across a do-
main wall, there is a difference of ±1 between valley Chern
numbers, resulting in one family of topological edge states in
each valley.
Another honeycomb lattice variant that is extremely useful
for topological photonics is a topological crystalline insulator
devised by Wu and Hu32. It involves clustering neighboring
plaquettes of 6 lattice sites by alternately widening or narrow-
ing the inter-site separations (see Fig. 5(d)). This clustering
causes the K± points to be folded onto the center of the Bril-
louin zone (the Γ point); the interaction of the overlaid Dirac
cones causes a band gap to open. The corresponding effective
Hamiltonian is of the Bernevig-Hughes-Zhang QSH Hamilto-
nian26. The model exhibits helical edge states at the bound-
aries between domains with shrunken (trivial) and expanded
(nontrivial) clusters.
The continuum Hamiltonians and topological invariants
discussed in this Section are listed in Table I.
IV. PLATFORMS FOR NONLINEAR PHOTONICS
The linear lattice models discussed in the previous section
are agnostic about length and frequency scales and the wave
amplitudes involved. When studying nonlinear phenomena,
however, this universality is lost. This Section provides an
overview of nonlinear effects in photonic lattices.
Table II summarizes different platforms for nonlinear topo-
logical photonics with characteristic frequencies ranging from
the optical range (1014 Hz) to microwaves (109 Hz) and elec-
tronics (106 Hz). The main platforms that have been used
to explore linear topological photonics are arrays of cou-
pled waveguides, microring resonators and photonic crystals.
Since nonlinear problems are generally much harder to solve,
platforms where the full set of Maxwell’s equations can be
well approximated by simpler coupled-mode or tight-binding
lattice models are preferred for studying nonlinear topological
photonics.
Much of the older literature on nonlinear effects in lattices
was written before topological effects came into focus, and
therefore mainly dealt with the consequences of band gaps
and discreteness, while overlooking the role of topology. For
instance, many works have studied how nonlinearity affects
non-topological surface states, which are typically generated
by defects or localized potentials along the boundary of a lat-
tice. For instance, a semi-infinite array of coupled quantum
wells can form surface states if the energy of the first well is
detuned from the energy of the other wells. Such threshold
conditions are typical for (topologically trivial) Tamm surface
states70. In the nonlinear regime, it has been shown that self-
trapping can overcome surface repulsion, inducing localized
modes near the edge of a discrete lattice above a certain power
threshold71. On the other hand, topological lattice models
support edge states even in the low-amplitude limit and do
not require any threshold perturbation to exist.
Nonlinear effects naturally emerge in waveguide lattices
due to the intrinsic nonlinearity of the host medium. For ex-
ample, the intensity-dependent refractive index of cubic non-
linear materials enters into tight binding models as a nonlin-
ear on-site potential. One of the advantages of waveguide lat-
tices is that even though the bulk material nonlinearity can be
quite weak, the important parameter governing the dynamics
is the ratio of the nonlinearity to the linear coupling coeffi-
cient. Therefore, provided one has access to a sufficiently long
propagation distance and effects such as absorption remain
negligible, one can reduce the coupling to increase the effec-
tive nonlinearity and observe effects such as optical switching
and spatial solitons.
Nonlinear photonic waveguide lattices have a long history,
dating back to the seminal prediction of optical discrete soli-
tons by Christodoulides and Joseph in 198886. The first ex-
periments by Eisenberg et al. in 199872 used femtosecond
laser pulses in a cubic nonlinear 1D AlGaAs waveguide array.
The following decade saw several breakthroughs, including
the observation of discrete solitons in photorefractive crystals
using continuous wave beams74, laser-written waveguide ar-
rays in fused silica glass73, and quadratic nonlinear lithium
niobate waveguides75. For details, see Refs. 87–89.
The main challenge in generalizing these previous experi-
ments to topological waveguide lattices is that there is a trade-
off between ease of fabrication and ease of observing nonlin-
ear effects. For example, AlGaAs, lithium niobate and pho-
torefractive waveguide arrays have strong nonlinearity, but
are presently limited to simple 1D topological lattices such
as the SSH model. Alternatively, fused silica glass waveg-
uides created using laser writing can be readily form 2D topo-
logical lattices, but the nonlinearity is much weaker, demand-
ing shorter pulses with higher peak powers and increasing the
complexity of experiments and modelling. For example, beam
shaping is required to avoid material damage when exciting
the waveguides and modelling should take into account ef-
fects such as material dispersion and two photon absorption90.
Moreover, many theoretical proposals are based on models of
nonlinear coupling, which is negligible in this platform.
Optical cavities, supporting whispering-gallery, Fabry-
Pérot or Mie-type resonances, are able to efficiently trap light.
Therefore, optical resonator lattices, such as microring arrays
and particle metasurfaces, can enhance nonlinear effects and
thus significantly lower optical power requirements, but at the
expense of operating bandwidth. Additionally, the ability to
tailor the pump beam or embed different materials onto the
resonators gives access to a variety of nonlinear effects. For
example, continuous wave operation leads to strong thermal
nonlinearities due to absorption-induced heating of microres-
onators77, while two-photon absorption results in nonlinear
resonance shifts due to free carrier dispersion78. Unfortu-
nately, the mechanisms that provide the strongest self-action
effects are also intrinsically lossy. Losses can be compensated
via integration of gain media such as quantum wells79,81.
Most experiments with nonlinear topological resonator lat-
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TABLE II. Examples of platforms for nonlinear topological photonics
Platform Material Spectral range Power, Duration Source
Optical Waveguides
AlGaAs
Fused silica
Photorefractives
Lithium niobate
Chalcogenides
1530 nm
800 nm
488 nm
1550 nm
1040 nm
500 W, 100 fs
1 MW, 100 fs
mW, CW
4 kW, 9 ps
10kW, 300 fs
[72]
[73]
[74]
[75]
[76]
Optical Resonators
Si microrings
InP PhC slab
GaAs/InAs PhC slab
Si Metasurfaces
Fibre loops
Exciton-polaritons
1550 nm
1587 nm
1040 nm
1550 nm
1555 nm
780 nm
85 µW, CW
200 µW, CW
150 µW, 20 ns
200 mW, 300 fs
120 mW, 50 ns
10 mW, CW
[77]
[78]
[79]
[80]
[81]
[82]
Metamaterials
Split ring resonators
Circuit QED
RF circuits
1.5 GHz
5 GHz
100 MHz
1 W, CW
single photon, 100 ns
300mW, CW
[83]
[84]
[85]
tices have focused on pump-probe setups, which are eas-
ier to analyze and support effects such as lasing (Sec. VII)
and harmonic generation (Sec. VIII). For self-action effects
(e.g. bistability and nonlinear non-reciprocity) it has been
preferable to use only a few nonlinear elements to avoid com-
plications such as multistability or instability77,78. There are
two exceptions where self-action effects are observable in
nonlinear propagation dynamics: pulse propagation in cou-
pled fibre loops81,91 and exciton-polariton condensates in mi-
crocavities82.
In the microwave regime, nonlinearities are much harder
to realize than in optics (unlike most other photonic phenom-
ena). One approach is to insert nonlinear electronic lumped
elements, like varactor diodes, into microwave metamaterials
such split ring resonators83. This can yield mean-field non-
linear effects under a pump power of ≈ 1 W. Single photon
nonlinearities are accessible by coupling microwave cavities
to superconducting qubits84,92,93, although this introduces the
additional complication of cryogenic operating temperatures.
Other approaches to combine nontrivial topology with non-
linearity include electronic circuits (reviewed in Sec. VI),
photonic nanostructures (see Sec. VIII) and mechanics. The
first mechanical implementation of the QSHE was experimen-
tally demonstrated by Susstrunk and Huber94 in a lattice of
mechanical pendula, with operating frequency in Hz range.
Based on this model, nonlinear Duffing oscillators connected
by linear springs can support unidirectional nonlinear travel-
ing edge waves95. Another nonlinear topological phononic
crystal – 1D array which consists of masses connected with
two alternating types of nonlinear springs – was analysed in
Ref.96. It was numerically shown that by increasing the ex-
citation amplitude the lattice makes a topological transition
giving rise to different families of nonlinear solutions.
V. LOCALIZED NONLINEAR STATES
Nonlinear generalizations of linear topological models sup-
port peculiar mechanisms for field localization, leading to
phenomena such as topological gap solitons and nonlinear
edge states (bulk and edge solitons)97–99, embedded soli-
tons100, and semi-vortex solitons101, as depicted in Fig. 6. No-
tably, these solitons have nontrivial vorticity and pseudospin
structure. The formation of topological solitons in the bulk
can be viewed as self-induced domain walls similar to the
localization of edge states at the boundary between domains
with distinct topological invariants, as discussed in Refs.97,101.
These phenomena pose an interesting challenge to our un-
derstanding of band topology. Strictly speaking, the concept
of band topology is tied to linearity, which is necessary for
the existence of a Bloch Hamiltonian and band structure, as
discussed in Sec. III. Some authors have explored correct-
ing the definition of the Berry phase in order to describe the
band structures of weakly nonlinear Bloch modes with fixed
homogeneous intensities102,103. However, localized nonlinear
states—solitons—represent strong modifications to an under-
lying topological structure, or even the creation of topological
order from a trivial system.
From a practical point of view, localized nonlinear states
may be extremely useful for tunable topological photon-
ics8,83,99,104. They may also be accompanied by novel effects
such as the spontaneous breakdown of Lorentz reciprocity,
wherein the light intensity itself determines whether the light
can propagate via an edge state96,105.
In lattice models, nonlinearity can be introduced either into
the on-site energy or the coupling between lattice sites. The
resulting behaviour may be non-universal, sensitive to either
the form of the nonlinearity or the particular lattice geome-
try. Non-perturbative studies of specific lattices have been
mostly limited to numerical simulations, due to the scarce-
ness of exact solutions to nonlinear problems6,67,98,100. For
weak nonlinearities, the formation of edge solitons was un-
derstood in the traditional framework of scalar effective non-
linear Schrodinger equations, where the nonlinearity compen-
sates the linear edge state dispersion106,109,110.
More universal insights can be obtained using the contin-
uum nonlinear Dirac model, through the perspective of phase
portraits and bifurcation analysis. This approach is able to de-
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(f)
FIG. 6. (a) Bulk soliton in a honeycomb lattice of helical waveg-
uides alongside a sketch of the intraperiod rotation of the intensity67.
The wavepacket rotates around the nonlinearity-induced defect as an
edge state in a clockwise direction. (b) Single-site localized edge
soliton propagating unidirectionally along the edge of the Floquet lat-
tice of coupled helical waveguides embedded in a medium with local
Kerr nonlinearity100. Shown is a numerically calculated profile of
the output intensity after propagation around a missing edge waveg-
uide, when the waveguide circled in green is excited at the input. (c)
Dark (left) and grey (right) edge solitons (seen as whitened dips in
intensity) at the boundary of Kagome lattice strip of coupled micro-
cavity pillars106. In the weakly nonlinear regime, the solitons in the
exciton-polariton condensate are constructed from wavepackets of
topological edge modes with the envelope described by Schrödinger
equation. (d,e) Excitation of chiral topological edge modes by scat-
tered traveling gap solitons at (d) domain walls created by mass in-
version in a 2D continuum Dirac model99; (e) at the pointy edge
of the Lieb lattice107. (f) Observation of topological gap solitons in
a square lattice of helical waveguides femtosecond-laser-written in
glass108: Schematic of the lattice (left); Calculated intensity profile
of the soliton whose maximum exhibits cyclotron-like rotation jump-
ing four sites (1-4) sequentually (middle); Measured output intensity
distribution (right) at the propagation distance of 1.5 driving period
for the input power 3.32 mW.
scribe bulk solitons and nonlinear edge states in a variety of
1D and 2D nonlinear photonic lattices, including SSH, hon-
eycomb, and Kagome lattices. For instance, treating HˆD in
Eq. (1) as an operator, which contains spatial derivatives, and
incorporating nonlinear corrections as a field-dependent oper-
ator HˆNL, yields a nonlinear equation for the evolution of the
spinor wavefunction Ψ= [Ψ1,Ψ2]:
i∂tΨ= (HˆD(δk)+ HˆNL)Ψ . (6)
This can be tackled analytically for various types of non-
linearity, including the one most commonly encountered
in optics, a local cubic nonlinearity of the form HˆNL =
−g[|Ψ1|2,0;0, |Ψ2|2]. By contrast to relativistic field the-
ory, nonlinear Dirac equations in photonics appear as effective
equations and they are not restricted by the Lorentz invari-
ance. As compared to the nonlinear Schrödinger equation, the
existence and stability analysis of solitons in Dirac models is
more subtle because of the absence of the rigorous Vakhitov-
Kolokolov criterion111–113.
The simplest structure linking topology and nonlinearity is
a nonlinear version of the 1D SSH model. Such a model can
be implemented in arrays of resonant elements with nonlinear
couplings105,114. This formally corresponds to off-diagonal
nonlinearity in Eq. (6). It exhibits a self-induced topological
transition, in which the nonlinearity drives the lattice into a
different topological phase supporting edge states. However,
in this model the edge states are not truly localized as they
sit on a nonzero intensity background. Though this model
has been implemented in electronic circuits, as discussed in
Sec. VI, it is challenging to realize in optics, where local on-
site Kerr nonlinearities are more feasible.
Bulk solitons and edge states in a model with on-
site Kerr nonlinearity have been studied theoretically98 and
experimentally83. Later, in Ref. 99, it was theoretically expli-
cated that the bulk solitons and nonlinear edge states in this
setting have a closely related origin; mutual transformations
between edge and bulk states, forbidden in linear limit, can
occur in the nonlinear regime. It has been theoretically pre-
dicted that traveling bulk solitons in both 1D and 2D topolog-
ical settings are capable of exciting the edge states by reflect-
ing off the topologically nontrivial edge99,107. Recent exper-
iments using coupled optical fibre loops have shown that in-
deed this class of nonlinearities can be used to couple between
localized topological edge states and nonlinear bulk modes91.
In a microwave experiment, Dobrykh et al. demonstrated
nonlinearity-induced tuning of the electromagnetic topologi-
cal edge states in topological arrays of coupled nonlinear res-
onators with alternating weak and strong couplings83. An
SSH array was made of N = 7 broadside-coupled split-ring
resonators with the magnetic dipole resonance at the fre-
quency f0 ≈ 1.5 GHz. The Kerr-type nonlinear tunability
of the frequency was introduced by varactor diodes mounted
inside the gap of each SRR. The experiment was conducted
in the pump-probe setup. The monochromatic homogeneous
pump came from a rectangular horn antenna, while the probe
signal was measured near each resonator by a small loop an-
tenna. The model can be captured by the nonlinear lattice
model
dan
dt
=−γan− i|an|2an+ tn,−an−1+ tn,+an+1+P , (7)
where an is a normalized amplitude of the n-th oscillator (n=
1 . . .N), γ is a damping coefficient, and P is an amplitude of
resonant homogeneous pump, tn,−, tn,+ are alternating weak
and strong nearest-neighbor couplings. With increasing the
power, homogeneous pump becomes localized at the edge and
induces a nonlinear blue shift for the edge state, as shown in
Fig. 7.
2D nonlinear lattice models have been studied the-
oretically, but still remain challenging to implement
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FIG. 7. Nonlinear tuning of microwave topological edge states. (a)
Experimental setup: SSH array of nonlinear microwave resonators
with source (horn antenna) and receiver (loop antenna). (b) Mea-
sured nonlinear shift of the edge state frequency. (c) Measured mag-
netic field distribution. (d) Spatially resolved pump-probe reflection
spectrum for power 0.8 W. Curves 1-7 correspond to the resonators
from left to right.
in optics experiments. They require nonlinear cou-
plings5,13,101,105,114–116, exciton-polaritons in strong external
magnetic fields6,98,106,110,117,118, or longitudinally-modulated
waveguide arrays (instabilities and radiation losses) 67,97,100.
Very recently, the observation of topological gap soli-
tons has been reported in a square lattice of laser-written
periodically-modulated waveguides, which emulates Floquet
topological phase. The nonlinearity arises from the optical
Kerr effect of the ambient glass. Under the paraxial approxi-
mation, the z propagation of light through this photonic lattice
is captured by the discrete equation which includes the linear
tight-binding Hamiltonian with nearest-neighbour evanescent
coupling and diagonal on-site nonlinearity:
i
∂an
∂ z
=∑
〈n′〉
Hnn′an′ −|an|2an . (8)
In the nonlinear dispersion given by the dependence of
quasienergy (propagation constant) on power, a family of gap
solitons bifurcates from the linear modes and shows maximal
localisation in the vicinity the mid-gap quasienergy. In accord
with their chiral nature, solitons residing in the topological
band gap exhibit continuous cyclotron-like rotation. The soli-
tons were probed in propagation using single-site excitation
in the input. see Fig. 6(f). The characteristic peak in the de-
gree of localization vs power was observed that distinguishes
topological gap solitons from trivial solitons in static lattices
of straight waveguides, where localization continuously grows
up and then saturates at very high nonlinearity108.
VI. NONLINEAR CIRCUITS
Electronic circuits have recently emerged as a convenient
and accessible platform for studying the combination of non-
linearity with band topology13,85,119–127. Key advantages in-
clude the ease with which such circuits can be designed
and fabricated using circuit simulators, printed circuit boards
(PCBs), and other commodity technologies; the fact that they
can be characterized using inexpensive laboratory equipment
such as function generators and oscilloscopes; the availabil-
ity of strongly nonlinear circuit elements; and the exciting
prospect of using circuit wiring to implement complex geome-
tries (like Möbius strips119) that are practically impossible to
realize on other platforms. Such systems include circuits im-
plemented on breadboards or PCBs, typically operating in the
0.1–500 MHz frequency range13,85,119,123,125–127, as well as
electromagnetic structures (such as microstrip resonator ar-
rays) with attached lumped circuit elements, which can op-
erate at GHz frequencies124.
Topological edge states were first demonstrated in elec-
tronic circuits by the Simon group in 2015119, using a lin-
ear non-dissipative circuit simulating the Hofstadter model
(quantum Hall effect on a 2D square lattice)128. Such LC
circuits, which contain only linear inductors and capacitors,
are symmetric under time-reversal (T), similar to condensed
matter systems in the absence of magnetic effects or pho-
tonic systems without magneto-optic media. In order to sim-
ulate a quantum Hall system, which requires breaking T,
the lattice in Ref. 119 was designed to have multiple iden-
tical sublattices whose interconnections replicate the effects
of the complex inter-site couplings associated with a mag-
netic vector potential120; this ensured that the states of the
target quantum Hall system, including the crucial topologi-
cal edge states, are a multiply-degenerate subset of the states
of the T-symmetric circuit. A variety of T-symmetric topo-
logical phases have also been realized with LC circuits with-
out using this sublattice trick, including linear 1D and 2D
Su-Schrieffer-Heeger models122,125, topological crystalline
insulators124, higher-order topological insulators123,126, and
intrinsically non-Hermitian topological lattices121.
The time-domain dynamics of any linear non-dissipative
LC circuit can be described using linear second-order equa-
tions of motion, expressed in terms of the voltages at the
nodes of the circuit129. These equations are derived by sys-
tematically combining (i) the voltage-current relations for the
individual circuit elements, and (ii) Kirchhoff’s laws, which
state that charges do not accumulate within circuit nodes and
that voltages are single-valued. The circuit’s normal modes
of oscillation, in the absence of an external drive, then cor-
respond to the eigenvectors of a Hermitian generalized eigen-
problem (which can be transformed into a standard eigenprob-
lem by Cholesky factorization); the eigenvalues are real and
correspond to the squares of the normal mode eigenfrequen-
cies. Alternatively, the special case of a circuit comprised
of weakly-coupled high-Q LC resonators can be mapped to a
Hermitian eigenproblem governed by a tight-binding Hamil-
tonian, whose eigenvalues correspond to the normal mode de-
tunings from the center frequency. In either case, one can
use the lattice Hamiltonians and their eigenspaces to compute
standard topological band invariants for the LC circuits.
In typical circuit experiments, the normal modes are stud-
ied using weakly-coupled probes such as pickup coils119,124,
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or direct connections to an oscilloscope or network
analyzer121,125. Lee et al. have also developed a rigorous
frequency-domain formalism for analyzing circuits with ex-
plicit current sources and sinks122. Their approach is similar
to the Green’s function method in electrodynamics and quan-
tum mechanics, and involves calculating an admittance ma-
trix whose zero modes manifest as a diverging impedances
observable in parametric sweeps of the driving frequency.
The most commonly-used method for introducing nonlin-
earity into an LC circuit is to use varactors, also known as
varicap diodes13,85,126,127. These two-port circuit elements
are essentially diodes operated in reverse bias; with increas-
ing reverse bias voltage, the thickness of the diode’s depletion
region increases and its effective capacitance decreases. For
alternating-current (AC) operation, a nonlinear capacitor can
be implemented by a pair of varactors arranged back-to-back,
such that neither varactor can be forward-biased. The result-
ing capacitance decreases with the magnitude of the voltage
across the circuit element, independent of its sign. Further-
more, a constant bias voltage can be applied to the individual
varactors to tune their effective capacitance; this method was
recently used by Serra-Garcia et al. to perform high-quality
observations of a topological transition in a quadrupole topo-
logical insulator circuit126.
A. Su-Schrieffer-Heeger circuits
Hadad et al. used such nonlinear capacitors to implement
a circuit analogue of a nonlinear Su-Schrieffer-Heeger (SSH)
model85. They fabricated a dimerized 1D lattice of LC res-
onators with two resonators (sites) per unit cell, shown in
Fig. 8(a). The intra-cell and inter-cell couplings of the SSH
model were implemented by two types of capacitors, one of
which was nonlinear [Fig. 8(b)]. In the usual linear SSH
model, the ratio of the two coupling strengths determines the
topological phase. In a nonlinear SSH model, it was theo-
retically predicted105 that even if the lattice is topologically
trivial in the linear (zero-intensity) limit, a nonlinear coupling
ratio can drive a topological phase transition via the formation
of a soliton-like self-induced boundary state. Such a soliton
was indeed observed in the circuit experiment, in the form of
an input admittance peak appearing at a mid-gap frequency
when the lattice was driven above a threshold power level, as
shown in Fig. 8(c,d). The resonance frequency was shown to
be insensitive to disorder introduced by deliberately shorting
different resonators to ground, consistent with the topological
protection in the underlying linear SSH model.
Subsequently, Wang et al. studied a similar nonlinear SSH-
like circuit, focusing on the use of the topological boundary
state to enhance harmonic generation13. They implemented
a significantly longer 1D lattice, with 40 sites and broad op-
erating frequency bands. Such a circuit can be viewed as a
type of left-handed nonlinear transmission line (NLTL)130,
and supports an SSH-like bandgap with a mid-gap topolog-
ical boundary state at the fundamental harmonic, as well as
propagating-wave modes at higher harmonics. When the cir-
cuit was excited at the boundary, cross-phase modulation be-
(a) (b)
(c) (d)
FIG. 8. Nonlinear electronic circuit analogue of the Su-Schrieffer-
Heeger model. (a) Schematic of unit cell consisting of sites (LC
resonators) coupled via linear CL and nonlinear CNL capacitors. (b)
Nonlinear capacitance CNL implemented using back-to-back varac-
tor diodes. (c,d) Measured input admittance spectra at the edge of
a 6-cell chain. (c) In the linear limit the chain is trivial and mul-
tiple peaks (resonances) associated with bulk modes are observed.
(d) In the nonlinear regime a self-induced edge state emerges, vis-
ible as a single dominant resonance in the middle of the spectrum.
Solid black line corresponds to ideal chain while thin colored curves
are measured spectra in presence of various defects, demonstrating
robustness to disorder. Adapted from Ref. 85.
tween the two types of modes gave rise to strongly enhanced
generation of third- and higher-harmonic signals, five times
higher than in a standard (non-dimerized) NLTL and two or-
ders of magnitude higher than in the lattice’s topologically
trivial configuration.
Zangeneh-Nejad and Fleury127 have extended nonlinear
topological circuits to the class of high-order topological
insulators39,123,126. The 2D lattice they studied hosts a non-
trivial topological phase characterized by quantized Wannier
centers (with quantized values of the bulk polarization) and
robust mid-gap corner modes131, with the topological transi-
tion governed by the ratio of intra-cell to inter-cell couplings
(similar to the SSH case). The nonlinear circuit was again
implemented by using back-to-back varactors for the inter-
cell connections, and self-induced corner states were observed
above a certain power threshold.
B. Other directions
While back-to-back varactors have the advantage of real-
izing an extremely simple Kerr-like nonlinearity, they are not
the only nonlinear circuit elements available. The alternatives,
however, introduce an additional complication: they are typ-
ically not only nonlinear but also “active” (i.e., energy-non-
conserving or non-Hermitian). As we will discuss in Sec. VII,
the combination of nonlinearity, non-Hermiticity, and band
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topology to form topological lasers is an active and largely-
unsettled area of research, and electronic circuits may serve
as a key playground for future experimental investigations.
Recently, Kotwal et al. have taken the first steps in this di-
rection by performing a theoretical analysis of 1D and 2D
topological circuits with nonlinear negative-resistance ele-
ments such as van der Pol circuits or tunnel diodes132. They
uncovered an extremely rich set of behaviors, such as SSH-
like boundary states that exhibit self-sustained limit cycle os-
cillations, which can induce synchronized bulk oscillations
that mediate the interactions between different boundaries.
The topological features of the underlying lattice seem to
make the self-sustained oscillations insensitive to lattice de-
formations.
Based on the methods experimentally demonstrated to date,
there are numerous opportunities to use nonlinear circuits to
study further topological phenomena. For instance, not all
of the predicted properties of topological solitons have been
definitively observed in circuit experiments, such as the fre-
quency detuning and non-exponential decay profiles of 1D
solitons105. It is presently unclear whether or to what ex-
tent the sublattice trick, which proved useful for simulating
T-breaking in linear circuits, can co-exist with nonlinear cir-
cuit elements119,120. Achieving real or effective T-breaking
in a 2D electronic circuit would enable intriguing applica-
tions such as robust traveling wave amplification133. It would
also be interesting to explore how nonlinearities affect topo-
logical phenomena that rely intrinsically on non-Hermiticity,
which have already been studied in linear circuits with resis-
tive elements121.
VII. TOPOLOGICAL LASERS
A. Motivation and general approaches
Topological photonics has exciting potential applications
for the design of lasers, as it provides a systematic way to
control the number and degree of localization of spectrally-
isolated edge and defect modes in photonic structures. For
example, mid-gap modes of 1D topological lattices are op-
timally localized within the band gap, which allows for the
tight confinement of lasing modes79,134–137. In 2D systems,
backscattering-immune edge modes hold promise for the de-
sign of ring cavities supporting large modal volumes and sin-
gle mode operation regardless of the cavity shape7,38,138. In
both cases, the resulting modes are protected against certain
classes of fabrication disorder, offering improved device reli-
ability.
At a fundamental level, topological lasers are interesting
as a platform for exploring the interplay between nonlinearity
and topology. Once a mode rises above the lasing threshold
it becomes crucial to account for nonlinear gain saturation,
which is what enables the system to relax towards a steady
state. The high optical intensity within the laser cavity can
also lead to other nonlinear effects such as Kerr self-focusing.
Nonlinearities in conventional lasers are known to lead to a
rich variety of phenomena including chaos and instabilities,
so it is interesting to ask how these effects interact with the
topological features of the photonic structure.
Since 2017, several experiments have demonstrated lasing
of topological edge modes in both 1D and 2D lattices. The
experiments can be divided into two classes: (1) photonic lat-
tices of coupled resonators with structural periods somewhat
larger than the operating wavelength, and (2) photonic crys-
tals with structural periods comparable to the operating wave-
length. These systems have been modelled as either class A
or class B lasers139.
In class A lasers such as quantum cascade lasers, the pho-
ton lifetime is much longer the gain medium’s polarization
and population inversion, which are adiabatically eliminated
leaving a nonlinear wave equation involving only the optical
field amplitudeψ . Under the tight binding approximation, this
results in a discrete set of equations of the form
i∂tψn = HˆLψn+
gn(i+α)
1+ |ψn|2/Isatψn, (9)
where n indexes the weakly coupled resonators forming the
tight binding lattice and HˆL is an effective Hamiltonian ac-
counting for all the linear effects such as absorption γ , cou-
pling between the resonators J, and disorder W . The second
term is nonlinear and describes the saturation of the gain in-
duced by the pump gn, governed by a characteristic intensity
scale Isat. The linewidth enhancement factor α accounts for
carrier-induced shifts of the ambient refractive index, which
can lead to self-focusing or defocusing behaviour. This model
assumes frequency independent gain, a good approximation
for tight binding lattices which typically have a narrow band-
width.
Semiconductor gain media such as quantum dots that are
typically integrated with photonic nanostructures are class B
lasers. In these lasers, the free carriers providing the gain have
a much longer lifetime than the photons and their dynamics
must be taken into account, resulting in coupled equations of
the form140,141
i∂tψn = HˆLψn+Nn(i+α)ψn, (10)
τ∂tNn = Rn−Nn− (1+2Nn)|ψn|2, (11)
where Nn(t) is the normalized excess carrier population, Rn is
the normalized excess pump rate, and τ is the ratio between
the carrier and photon lifetimes (≈ 100− 1000 for semicon-
ductor lasers and 1 for class A lasers). A significant chal-
lenge presented by class B models is that while topological
protection can be readily implemented in the photonic part of
the field, the carrier populations Nn are not coupled directly to
one another and do not share this protection. Slow carrier dy-
namics are a well-established source of instabilities in coupled
semiconductor laser arrays; as the carrier lifetime is increased,
the stable steady states of the class A limit become unstable
and are replaced by limit cycles and eventually chaotic dy-
namics139.
In both classes of lasers, the lasing modes can be ob-
tained numerically using standard iterative methods to solve
for stationary states of nonlinear wave equations (e.g. New-
ton’s method), and seeking real frequency solutions. The ini-
tial guess for these iterative schemes is typically chosen to be
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the profile of the mode of interest at its threshold, obtained
by solving a linear eigenvalue problem, followed by standard
linear stability analysis to determine if the lasing modes are
stable. The solution can be further verified by taking a direct
numerical solution of the governing equations starting from
small random field amplitudes as the initial condition; this can
result in convergence to the stationary solution (in the case
of stable single mode lasing), persistent oscillations between
competing lasing modes (multimode lasing), or more complex
dynamics such as irregular pulsations and chaos139.
B. Lasing of 1D edge modes
The first examples of topological lasers were based on the
1D Su-Schrieffer-Heeger (SSH) model. Interest in this type of
topological laser was sparked by a 2013 theoretical study of
the SSH model with staggered linear gain and loss142, which
modeled a 1D topological photonic crystal under inhomo-
geneous pumping. For sufficiently weak gain/loss, the bulk
modes overlap with both the gain and loss regions due to the
chiral symmetry of the SSH model. This results in bulk modes
with vanishing net gain. At the ends of the array or at domain
walls, there exist topological modes localized to a single sub-
lattice; pumping this sublattice gives the modes nonzero net
gain, allowing them to lase before the bulk modes. The topo-
logical modes inherit a certain robustness to disorder, since
they reside in the middle of the band gap and are spectrally
isolated from other modes. As the gain/loss is increased, the
bulk band gap becomes smaller and eventually closes. The
bulk modes then start to localize onto the pumped sublattice
and compete with the topological modes, resulting in multiple
modes rising above the lasing threshold143.
These predictions were observed in a trio of photonic lat-
tice experiments in 2017134–136. St.-Jean et al.134 employed
a zigzag polariton lattice of micropillars, while Parto et al.135
and Zhao et al.136 both used ring resonator lattices with em-
bedded InGaAsP/InP quantum wells as the gain medium. The
latter is illustrated in Fig. 9(a). Uniform pumping results in
spatially delocalized multimode emission due to competition
between bulk modes, while pumping a single sublattice results
in single mode lasing of the topological interface state as the
bulk band gap remains open. Robustness of the edge modes
to certain classes of perturbations was also demonstrated.
Second generation designs based on nanoscale photonic
crystals are now emerging. In 2018, Ota et al. reported las-
ing at λ ≈ 1040nm in a protected defect mode at a topological
domain wall of a GaAs nanobeam photonic crystal with em-
bedded InAs quantum dots79, shown in Fig. 9(b). Their design
supports strongly-confined defect modes with modal volumes
as small as 0.23(λ/n)3, quality factors up to Q ≈ 59,700,
and spontaneous emission coupling factor β ∼ 0.03. Simi-
larly, Han et al.137 used nanocavities based on L3 defects in a
hexagonal InAsP/InP photonic crystal to achieve Q≈ 35,000
and β ≈ 0.15 at 1550nm. These values are however compara-
ble to conventional photonic crystal cavities; the main benefit
of the topological design is the ability to systematically con-
trol the Q factor and mode volume via the size of the bulk band
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FIG. 9. Topological lasers based on the 1D Su-Schrieffer-Heeger
chain. (a) Photonic lattice of coupled silicon microring resonators
exhibiting multimode or single mode lasing depending on the gain
profile, adapted from Ref. 136. (b) Lasing at a topological domain
wall in a GaAs nanobeam photonic crystal, adapted from Ref. 79.
Left panel: Emission intensity vs pump power showing a transition
to lasing at the threshold power of about 46 µW. Top right: Narrow
spectral line of the topological mode emission above the threshold
at the pump power 150 µW. Bottom right: Broad spectrum of the
emission below the threshold at the pump power 5 µW.
gap while preserving single mode operation. So far, these ex-
periments have been limited to optical pumping by ultrashort
pulses at powers relatively close to the lasing threshold, with
observations largely explained in terms of linear modes.
The SSH model also provides a simple testbed for explor-
ing nonlinear dynamics of topological lasers and understand-
ing whether there can be meaningful topological effects in the
nonlinear regime. For example, if the linewidth enhancement
factor is neglected (α = 0), under inhomogeneous pumping
the SSH model exhibits a dynamical charge conjugation sym-
metry, a nonlinear and non-Hermitian analogue of the chiral
symmetry protecting the linear topological edge states144. The
charge conjugation symmetry protects stationary zero modes
localized to the pumped sublattice, with the number of these
modes only changing at nonlinear bifurcations, which can be
considered a nonlinear topological transition145. Above a crit-
ical power, the zero modes become unstable and give birth to
symmetry-protected time-periodic oscillatory modes at Hopf
bifurcations. While α 6= 0 breaks the charge conjugation sym-
metry, the spectral isolation of the nonlinear modes means
they can persist for sufficiently weak symmetry-breaking per-
turbations. Similar behaviour is observed for other forms of
nonlinearity146 and in 2D analogues of the SSH model such
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as the Lieb lattice145.
The SSH model can also form the basis for a class of
topology-inspired large volume single mode lasers by intro-
ducing non-Hermitian coupling. For example, asymmetric
non-Hermitian coupling Jn,n±1 ∝ exp(±h) describes the pref-
erential hopping of the optical field from site n to n+ 1,
equivalent to an imaginary effective gauge field h. In a fi-
nite lattice this does not affect the energy spectrum because
the gauge field can be removed by the gauge transformation
ψn → ψn exp(hn). However, this transformation changes the
eigenmodes’ localization: all modes start to localize to one
end of the lattice. When edge states exist (e.g., in the SSH
model), the non-Hermitian localization competes with the lo-
calization ξ of the topologically-protected edge states. At a
critical imaginary gauge field strength h = ξ , this leaves all
but one of the modes localized to one edge of the system,
with the remaining (topologically-protected) zero mode de-
localized over the whole lattice and therefore able to saturate
the gain at all the pumped sites 147.
The (Hermitian) SSH model is not the only way to de-
sign novel topological lasers. More recently, the idea of non-
Hermitian topological phases has been developed148, which
can be used to design disorder-robust delocalized modes in 1D
systems using non-Hermitian coupling. As a second example,
symmetric non-Hermitian coupling Jn,n±1 ∝ eih describes ef-
fective gain dependent on the modal wavenumber, i.e. the rel-
ative phase between the optical field at neighbouring lattice
sites140,141. This phase-dependent gain can promote single
mode lasing in simple quasi-1D ring-shaped lattices. Another
recent proposal by Longhi149 has predicted a non-Hermitian
topological transition from single mode lasing to multi-mode
lasing in a mode-locked laser.
C. Lasing of 2D edge modes
The first experimental demonstration of lasing of 2D topo-
logical edge states by Bahari et al. in 201738 used a photonic
crystal embedded on a YIG substrate, shown in Fig. 10(a).
Breaking time reversal symmetry via the magneto-optic ef-
fect creates a Chern insulator phase with a band gap hosting
protected chiral edge modes. Despite the resulting topolog-
ical band gap (42 pm) being very small due to weakness of
magneto-optical effects at the operating wavelength 1530nm,
as well as the entire device being pumped, the lasing profile
shown in Fig. 10(b) is strongly localized to the edge and in-
sensitive to its shape. This unexpected observation still awaits
a theoretical explanation: based on the behaviour of the 1D
SSH model, uniform pumping should have led to multi-mode
lasing of bulk modes. In a follow-up study, the same group
demonstrated the generation of high charge (|l| ∼ 100) op-
tical vortex beams using circular-shaped topological domain
walls150.
Around the same time, Harari et al.151 studied theoreti-
cally class A laser models of 2D optical ring resonator lat-
tices exhibiting topological edge states. They found that a
pump localized to the edge sites was required to suppress
bulk mode lasing and induce stable single mode lasing of
25 μm
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FIG. 10. 2D topological lasers on photonic quantum Hall edge states.
Top row: (a,b) InGaAsP/YIG photonic crystal laser. (a) InGaAsP
photonic crystal bonded on gyrotropic yttrium iron garnet (YIG).
Under an external magnetic field, the inner domain forms a Chern
insulator. (b) Intensity profile of the chiral lasing edge mode at the
wavelength 1064 nm. Adapted from Ref. 38. Bottom row: (c,d) In-
GaAsP ring resonators laser. (c) Photonic lattice of coupled InGaAsP
microring resonators exhibiting spin momentum-locked edge states;
(d) Chiral lasing via asymmetric pump: Despite preservation of time
reversal symmetry, asymmetric pumping induces chiral lasing due to
nonlinear gain saturation, resulting in an imbalance in intensity from
the output ports coupled to the two spin states (highlighted in red and
blue). Adapted from Ref. 7.
the edge states. This single mode lasing also persisted in the
presence of moderate disorder and weak symmetry-breaking
perturbations that spoil the topological protection in the lin-
ear regime. In comparison, in similar non-topological mod-
els disorder tends to induce mode localization, resulting in
multi-mode lasing involving modes localized at different po-
sitions along the edge. Ring resonator lattices incorporating
gain and lasing of the topological edge states was then real-
ized by Bandres et al.7; see Fig. 10(c,d). Interestingly, the
combination of nonlinear gain saturation with spatial asym-
metry (induced by either asymmetric pumping, or incorporat-
ing S bends into the ring resonators) resulted in observable
optical non-reciprocity: preferential lasing of a single mode
handedness or chirality, even though the underlying structure
is non-magnetic and respects time-reversal symmetry, mean-
ing that the linear edge modes occur in counter-propagating
pairs with opposite spin. This is visible in Fig. 10(d) as an
imbalance between the intensities at the two output ports.
The final set of 2D experiments to date was based on a hon-
eycomb lattice for exciton-polaritons combined with a strong
magnetic field138. The spin-orbit coupling of the polariton
condensate combined with a magnetic field-induced Zeeman
shift created a Chern insulator phase, although the resulting
band gap was small, making it difficult to observe strong lo-
calization of the edge states. A subsequent theoretical study
by Kartashov and Skryabin152 of the governing class A gain
model verified the existence of stable nonlinear lasing modes
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in this platform. They additionally found that above the po-
lariton lasing threshold, self-action terms such as α lead to fre-
quency shifts of the edge modes towards the bulk band edge.
As the lasing mode approaches the band edge dynamical in-
stabilities first develop, and then at higher powers the edge
mode delocalizes due to resonance with bulk modes. Thus,
the topological protection of the edge state lasing mode does
not persist in the nonlinear regime.
In class B models, the slow carrier dynamics are another
source of instability140. While the photonic field remains
localized to the edge and protected against disorder-induced
backscattering, due to the carrier dynamics a limit cycle forms
rather than a stationary state. In this limit cycle, a localized
excitation circulates around the edge of the array due to com-
petition between different edge modes with slightly different
energies and similar effective gain. Because of the slow car-
rier response, the “winner takes all” effect of the saturable
gain in the class A laser is not available to strictly enforce sin-
gle mode operation. Due to this mode competition, the details
of the dynamics and emission spectra become sensitive to the
particular disorder realization.
Finally, we mention a very recent theoretical study of a
class A laser model by Secli et al.153 considering the effect
of initial noise and fluctuations on the relaxation to stable las-
ing states. The precise energy of the lasing mode selected
from one of the topological edge states spanning the gap is
sensitive to the initial fluctuations. Moreover, the fluctuations
along the edge are also protected, resulting in an ultraslow re-
laxation time. These effects may have a detrimental impact
on the performance of 2D topological lasers and merit further
investigation.
D. Future directions
It is of interest to extend toplogical lasers to other material
platforms and gain media. For example, lasing in 2D hon-
eycomb and square lattices of plasmonic nanoparticles using
organic dyes as the gain medium was recently demonstrated in
Refs. 154 and 155. Such class A lasers can avoid instabilities
due to slow carrier dynamics. The radiative coupling present
in such plasmonic systems means that the tight binding ap-
proximation is no longer valid, requiring re-examination of
the results discussed above.
The main selling point of topological lasers to date has been
their potential for robust single mode continuous wave las-
ing, but for applications such as frequency comb generation
or ultrashort pulse generation robust multimode emission is
required. This can be achieved using lattices hosting multiple
topological gaps and edge states156, or by employing synthetic
dimensions157.
So far all topological lasers realized in experiment have
been proofs of concept based on optically pumped gain me-
dia. Any real device applications will require electrical pump-
ing, analysis of effects such as modulation bandwidth and
how to avoid the instabilities discussed above139, and most
importantly, a “killer application” in which topological lasers
outperform their conventional counterparts, such as tolerance
to fabrication imperfections. As a step in this direction Su-
chomel et al.158 have implemented electrically-pumped po-
lariton lasers in artificial honeycomb and square lattices,
which can be readily generalized to topological lattices such
as the time reversal-symmetric shrunken-expanded hexagon
or valley Hall designs discussed in Sec III.
VIII. NONLINEAR NANOPHOTONICS
In the last five years, nanostructures made of high-index
dielectric materials62, with judiciously designed resonant ele-
ments and lattice arrangements, have shown special promise
for practical implementations of nonlinear topological pho-
tonics10,14,15,57–59,61. This approach bridges the fundamen-
tal physics of topological phases with resonant nanophotonics
and multipolar electrodynamics159.
The high-index dielectric nanostructures typically em-
ployed for topological nanophotonics possess strong optical
nonlinearities enhanced by Mie-type resonances. In partic-
ular, silicon has a strong bulk third-order optical suscep-
tibility160,161, while III-V noncentrosymmetric semiconduc-
tors are favorable for efficient second-order nonlinear appli-
cations due to a large volume quadratic nonlinearity162,163.
The resonant near-field enhancement associated with excita-
tion of multipolar Mie modes in high-permittivty dielectric
nanostructures further facilitate the nonlinear processes at the
nanoscale.
To date, topological nanostructures that support subwave-
length edge states and convert infrared radiation into visi-
ble light have been proposed and experimentally verified10,61.
The dynamic tunability of the topological properties in such
nanostructures is approached via all-optical and thermo-
optical tuning. Due to compactness and robustness to fabri-
cation imperfections, topological nanophotonics is also being
pursued for quantum information transport in integrated pho-
tonic platforms58.
A. Zigzag arrays
A simple yet fundamental topological model based on res-
onant nanoparticles is a zigzag array, originally proposed in
2015 for thin plasmonic nanodisks164. Later, it was general-
ized to the case of dielectric particles with Mie resonances,
followed by experimental studies for both microwaves165 and
optics166. It can be described by a polarization-enriched gen-
eralized Su–Schrieffer–Heeger (SSH)-type model, with the
nontrivial topological properties essentially captured in the
framework the coupled dipole approximation. Similar to
the original SSH model, the alternation of strong and weak
dipole-dipole couplings in zigzag geometries leads to the for-
mation a boundary state at each boundary where the last cou-
pling is weak. The straight chain is topologically trivial as
it has a vanishing parity of the winding number, but for the
zigzag chain the topological invariant is nonzero. The topo-
logical phase transition can be illustrated by plotting the en-
ergy spectrum of the finite chain as a function of the zigzag
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angle. The zigzag geometry engenders a chiral symmetric en-
ergy spectrum (see Fig. 11). The structure exhibits a topologi-
cal transition when the chain geometry changes from a line to
a zigzag (the angle between three consecutive nanoparticles
varies from 0 to 90◦). The zigzag is topologically nontrivial
in a range of bond angles near 90◦. When the angle lies within
the shaded range, the system becomes gapped with two degen-
erate topological edge states in the middle of the gap.
Very recently, unusual nonlinear properties due to topo-
logical phases in such arrays have been revealed in a third-
harmonic generation experiment10. Topologically nontriv-
ial zigzag arrays of silicon nanodisks were fabricated on a
glass substrate. Due to intrinsic nonlinearity of silicon, the
topological edge state facilitates resonant generation of third-
harmonic radiation. The topology-driven third-harmonic sig-
nal was shown to be robust against coupling disorder. A num-
ber of arrays with randomly generated bond angles between
the disks was fabricated. In full agreement with theory, for
disorder angle less than a critical value of 20◦, edge states
were observed in all cases. Remarkably, the observed third-
harmonic radiation switched from one edge of the array to
the other one, depending whether the system was illumination
from the substrate or from air. This asymmetric harmonic gen-
eration is a type of nonreciprocal behavior and has potential
applications for nanoscale topological optical diodes.
B. Topological metasurfaces
Going to 2D, topology-controlled nonlinear light genera-
tion was demonstrated in a nanostructured metasurface with
the domain wall supporting two counter-propagating spin-
polarized edge waves (see Fig. 12). Similar to the earlier theo-
retical proposal32, the topological metasurface was composed
of hexamers of silicon nanoparticles. The nontrivial topolog-
ical properties in QSHE phase are achieved by deforming a
honeycomb lattice of silicon pillars into a triangular lattice of
cylinder hexamers, as described in Sec. II.
Figure 12(c) shows the numerically computed bulk band
diagram of the structure and the characteristic Dirac-like dis-
persion of the spin-momentum locked edge states residing in
the band gap. Nonlinear imaging was employed to make the
first direct observation of nanoscale helical edge states pass-
ing sharp corners61. The two pump polarizations couple to
the edge modes with the opposite helicity values σ+ and σ−.
The metasurface was excited by a tunable pulsed laser, and
the third-harmonic signal was imaged onto a camera. The
waveguiding domain wall in the geometry-independent pho-
tonic topological cavity was then clearly visualized via the
third-harmonic field contour, as shown in Fig. 12.
For many practical applications, reconfigurability and dy-
namic tunability of photonic topological insulators are essen-
tial. In Ref. 168 the position of the topological band gap in a
pillar photonic crystal was proposed to be tuned by modifying
the refractive index of a liquid crystals background medium
with external electric field. Later, control over the spectral po-
sition of edge states was implemented using pump-induced
carrier generation in a topological photonic crystal slab169.
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FIG. 11. Nonlinear generation of light from a topological nanos-
tructure10. (a) Concept of THG in a zigzag array of nanoresonators:
third-harmonic light (frequency 3ω) is generated by the topological
edge state. Inset: SEM image of the sample. (b) Measured dis-
tribution of the third-harmonic field in 11-nanodisk zigzag array of
Mie-resonant dielectric nanodisks. (c) Spectrum of the zigzag array
calculated as the function of the bond angle. Shaded is the region
where the topological edge states can exist167. (d) Robustness of the
topological state to the disorder: edge state formation persists up to
the disorder angle of 20◦.
Two theoretical proposals were made by Shalaev’s group for
ring resonators to realize switchable topological phase transi-
tions, based on thermal tuning170 and integration with trans-
parent conducting oxides171.
Topological protection is of special interest for quantum
photonic systems. The most common approach for genera-
tion of quantum light, being single photons, entangled photon
pairs and correlated biphotons, relies on nonlinear frequency
conversion, such as spontaneous parametric down-conversion
(SPDC) and spontaneous four-wave mixing (SFWM) in non-
linear media. Nanophotonic structures with toplogical robust-
ness of the spectrum of the supported photonic states against
fabrication disorder and scattering losses can be potentially
used to engineer robust quantum light sources and circuits.
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FIG. 12. Third-harmonic generation from nanoscale helical edge
states61. (a) Topological transition due to clustering the hexagonal
unit cell. Band structures for shrunken (left), unperturbed (middle)
and expanded (right) lattices of hexamers. Color of the bands en-
codes polarization ranging from pure c.p. dipolar p± to pure c.p.
quadrupolar d± states. (b) SEM of the fabricated metasurface. (c)
Calculated band diagram featuring gapped bands of bulk modes and
Dirac-like crossing for the edge states. (d,e) Experimental images
of third-harmonic generation by the edge states at the sharp-corner
domain wall (d) and Australia-shaped contour (e).
Topologically protected biphoton172 and entangled173
states were experimentally studied in the SSH-model-based
array of coupled silicon nanowaveguides174. A biphoton cor-
relation map resistant against coupling disorder was first re-
ported in Ref. 172 for the waveguide array with a single long-
long topological defect pumped at the infrared wavelength
1550 nm. Due to the high third-order nonlinearity of silicon,
the photon pairs generated via SFWM overlapped strongly
with the topological defect mode localized at one sublattice
with the topologically protected propagation constant. Subse-
quently, strong spatial entanglement between two topological
states was revealed in the SSH geometry incorporating two
coupled topological defects173.
The use of ultra-thin metasurfaces helps to circumvent the
restrictions associated with bulk phase-matching. Analyti-
cal analysis of the classical-quantum correspondence between
sum frequency generation and SPDC from single particles
and metasurfaces can be utilized to predict the generation
yield175. Topological robustness has already been demon-
strated for quantum transport of single photons in a perfo-
rated GaAs slab metasurface58. In the presence of the out-
of-plane magnetic field, single photons with opposite circular
polarizations were selectively generated by weakly pumped
InAs quantum dots grown within the GaAs slab. Right- and
left- handed single photons were observed to couple to oppo-
sitely propagating topological modes and propagate without
backscattering at the bends.
C. Future prospects
The above experiments have established topological dielec-
tric nanostructures as a promising platform for robust genera-
tion and guiding of photons at the nanoscale. This topological
all-dielectric platform can be used to build tunable and active
topological photonic devices with integrated functional ele-
ments for advanced photonic circuitry (unidirectional waveg-
uides, miniature topological cavities, low-power nanoscale
lasers, etc.). Topological nanophotonic cavities may also be
employed as nonlinear light sources, with near and far field
characteristics tuned by topological phase transitions, and pro-
tected against fabrication imperfections. This has exciting
prospects for singular optics and harmonic generation appli-
cations.
IX. CONCLUSIONS AND OUTLOOK
We have reviewed the basic physics and practical imple-
mentations of photonic systems that combine the studies of
topological phases with nonlinear optics. Such systems can
be modelled by nonlinear tight-binding models or nonlinear
continuous-wave equations. Currently, there is a plethora of
theoretical predictions of nonlinear phenomena in topologi-
cal photonic structures, including solitons, modulational in-
stability, frequency conversion, and optical switching. Many
of these are now starting to be realized in experiments: the
past two years have seen the first experimental demonstrations
of lasing, harmonic generation, and nonlinearly-induced topo-
logical edge states.
While the study of electronic topological states has a long
history, topological photonics is a comparatively young field
of research. A pressing question now is how to harness this
newly discovered degree of freedom in optical devices, for
example to design and fabricate disorder-immune components
for high-speed information transfer and processing. Topologi-
cal photonic metasurfaces could form the basis for a new class
of ultrathin devices with functionalities based on novel physi-
cal principles. As with conventional optical components, un-
derstanding and exploiting nonlinear effects offers many new
opportunities, such as:
• Nonlinearities provide a straightforward way to recon-
figure or otherwise manipulate topological lattices, and
they are in particular essential for achieving ultra-fast
modulation11.
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• Parametric frequency conversion processes are techno-
logically important. Feedback suppression enabled by
certain topological edge states may be useful for sta-
bilizing travelling wave amplifiers133,176. Spontaneous
wave mixing processes are an important source of en-
tangled photon pairs for integrated quantum photonics
applications.
• Lasers are ubiquitous, and they become inherently non-
linear devices above threshold due to gain saturation,
as well as they are always non-Hermitian. Topological
edge states may be useful for the mode stabilization en-
abling high-power single-mode operation, although the
extent to which this stabilization may hold in realistic
devices is still under debates.
• At a more fundamental level, nonlinear topological
photonics provides a playground for exploring novel
nonlinear wave equations originally derived in the con-
text of high energy physics, and potentially realizing
them in tabletop experiments. These models can sup-
port novel mechanisms for soliton formation (e.g. topo-
logical solitons, embedded solitons).
We envision nonlinear topological photonics to provide a
fertile playground for not only studying interesting theoreti-
cal problems at the borderland between nonlinear dynamics
and topology, but also as a route towards novel designs for
disorder-robust photonic device applications, such as high-
speed routing and switching, nanoscale lasers, and quantum
light sources.
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